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1 Notes, Data, and Programs

These notes, data, and programs will help you reproduce the econometric results in our
paper, which appears in the December 2016 issue of the Journal of Economic Dynamics and
Control. The original data series are available in separate Excel files, as downloaded from
the Federal Reserve Bank of Saint Louis’ FRED database. The same data series can be read
directly into MATLAB from the file tvpvardata.dat.

The main program for running the estimations is tvpvarsim.m. All options for estimating
different model variants can be set at the top of that file. Please note that when identification
is achieved by imposing sign restrictions on impulse responses, tvpvarsim.m can take several
days or more to run.

The Gibbs sampling output saved by tvpvarsim.m is used by counterfact.m to run
counterfactual simulations and poststats.m to compute posterior summary statistics; those
programs need to be run in order, after tvpvarsim.m. The programs named tablex.m and
figurey.m, x € {1,3,4} and y € {1,2,...,9} can then be run to generate the statistics
reported in the paper’s tables and figures. The remaining MATLAB .m files are used by
tvpvarsim.m for the Gibbs sampling routine; comments at the top of each file describe its
function in more detail.

We hope you will find these programs useful in your own research; but if you do, please
cite our paper as well as Primiceri (2005), Del Negro and Primiceri (20154, 2015b), and the
others on which we have built.

2 The Model

The model is from Primiceri (2005), with the MCMC algorithm corrected as described by
Del Negro and Primiceri (2015b). Quarterly data on the inflation rate (measured using the
GDP deflator, the PCE price index, or the CPI) II;, a gap variable (either the output gap
or the unemployment rate) Gy, and the short-term nominal interest rate (either the three-
month Treasury bill rate or the federal funds rate) R; run from 1969:1 through 2007:4, with
the sample period extended beyond the 2001:3 cut-off date from the original paper, but
terminating before the most recent zero-interest rate episode.



These observable series are combined into the 3 x 1 vector
Y = [Ht Gy Rt}/,

which is assumed to follow a second-order vector autoregression with time-varying coefficients
and a time-varying covariance matrix for the innovations. Thus, the model’s reduced form
is

Y = by + Bi Y1 + Boyr—o + uy, (1)

where
bt == |:bﬂ'7t bg,t br,t}
is a 3 x 1 vector of time-varying constant terms,

Ojmmt bjmgt Djmr
ijt = bjzgﬂ-vt bj)ggat ijgT)t )

=

jomt Dirgt Dirrs
J =1,2, are 3 x 3 matrices of time-varying coefficients, and
/
U = [Uw,t Ug,t Ur,t]

is a 3 x 1 vector of heteroskedastic shocks with covariance matrix ;.
Without loss of generality, {2; can be decomposed as

Q= A7'EE(AD (2)
where A; is the lower triangular matrix

1 0 O
At = [Oygryt 1 0 (3)

a’l”?'(,t arg,t 1

and X, is the diagonal matrix

Ort 0 0
Et = 0 Ogit 0 . (4)
0 0 Ort

The reduced form (1) can therefore be represented equivalently as
Yo = b+ Bryi1 + Bogyio + A; ' Siey, (5)

where Fe.e} = I3. Stacking all the coefficients into the 21 x 1 vector

b/
t
B, = vec Bi,t ,
By,
(5) can be rewritten as
y = X{B, + A 'Siey, (6)

2



where

Xi=L®[1 Iy Gy Ry iy Gy Ryl
Let
/
Oy = [agﬂ,t Qprt arg,tj|
be the vector of non-zero and non-one elements of A; and
/
Oy = [Uw,t Og.t Ur,t]

be the vector of diagonal elements of ¥;. The dynamics of the time-varying parameters are
specified as

B, = Bi_1 +m, (7)
oy = a1 + (y, (8)

and
log oy = log o1 + 1. (9)

In (6)-(9), all of the innovations are assumed to be jointly normally distributed with

€t I 0 0 O

_ Ul |10 @ 0 0
V=FE Ct v m G m] = 00 s ol (10)

Ul 0O 0 0 W

where @) is 21 x 21, S is 3 x 3, and W is 3 x 3 and diagonal, so that the standard deviations
in 0; evolve as independent geometric random walks. Following Primiceri (2005), it will be
assumed that S is block-diagonal, with one non-zero element in the first column of the first
row and three distinct non-zero elements in the second and third columns of the second and
third rows. Hence, () has 231 distinct elements, S has 4 distinct elements, and W has three
distinct elements.

In all that follows, let

W= [w) ... w}/

denote the history of a generic vector of variables w; up to a generic time 7. And for a generic
matrix of variables and constant terms M, let

MT=[m} ... m’T}/

where m; is a column vector constructed from the time varying elements of M,.

3 Prior Distributions

Following Cogley and Sargent(2005) and Primiceri (2005), classical estimates of the param-
eters obtained by applying a training sample consisting of the first ten years of data to a
constant-parameter version of the model are used to calibrate the prior means and stan-
dard deviations for the time-varying parameters when estimated with the rest of the sample.
Writing the constant-parameter version of the reduced form (1) as

Yt = b+ Biy—1 + Boyr—o + uy,
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Hamilton (1994, Ch.11) and Lutkepohl (2006, Ch.9) show that estimates of the constant
and slope coefficients in b, By, and B, can be obtained by applying ordinary least squares
separately to each equation. Stacking these estimated coefficients into the 21 x 1 vector

and defining
z,=[1 Iy Ger Ry Wiy Gio R,

standard errors can be computed using the formulas from Hamilton’s (1994, Ch.11, pp.298-
299) Proposition 11.1:

-1
Var(B) = Q® (Z xtzxt) :
where

-3

is the estimated covariance matrix for the least squares residuals
Uy =Yy —b— Biy1 — Bayia.

It is convenient to assume that the initial states for the coefficients, covariances, and log
volatilities as well as the hyperparameters in V' are all independent of each other. The priors
for By, ap, and log oy are assumed to be normal and the priors for @), W, and the blocks of S
are assumed to be distributed as independent inverse-Wishart. These assumptiosn together
with (5)-(7) imply normal priors on the entire sequences B”, a”, and %7.

Estimates A and 32 of A and ¥ can then be obtained by decomposing Q2 as in (2):

~ ~ A

Q= A"1uy/ (A

Standard errors for the non-zero, non-one elements & and & of A and 3 can be computed
using the formulas in Lutkepohl’s (2006, Ch.9, p.373) Proposition 9.5. Start by rewriting

vec(A) = Raa+ 14

and
vec(X) = Ryo
where R4 is a 9 X 3 matrix consisting of zeros except for
Ra(2,1)=1
RA(3,2) =1
RA(6,3) =1,



rais a 9 x 1 vector consisting of zeros except for

T’A(l) =1
T‘A(5) = 1
T‘A(g) = 17

and Ry is a 9 x 3 matrix consisting of zeros except for

Ry(1,1) =1
Ry(5,2) =1
Rs(9,3) = 1.

Next, let Ko be the commutation matrix that, for any 3 x 3 matrix D, is such that

vec(D) = Kvec(D'").

Then, in particular, Kq consists of zeros, except for

Ko(1,1) =1
Ko(2,4) =1
Ko(3,7) =1
Ko(4,2) =1
Ko(5,5) =1
Ko(6,8) =1
Ko(7,3) =1
Ko(8,6) =1
Ko(9,9) =1
With

)= |2 s m [ e s —mes),

(o) = b (L) e &)

it follows from Lutkepohl’s proposition that

we (e -7 (D]

5



Priors can now be selected along the same lines proposed by Cogley and Sargent (2005),
Primiceri (2005) and Benati (2011). Specifically, for By, g, and log oy, it is assumed that

By ~ N(B, k%Vp),
ag ~ N(a&, k2V,),

and
log og ~ N(log &, k213),

where choices for the hyperparameters are tabulated below.

Training Sample Prior Hyperparameters

k3 Vi ka Va k2
Cogley-Sargent 1 Var(B) 10000 I3 10
Primiceri 4  Var(B) 4 Var(4) 1
Benati 4 Var(B) 10 diag(@) 10

Note that (7)-(9) imply that
Bt‘Bt—la Q ~ N(Bt—17 Q)?
at‘@t—la S~ N(at—la S)>
and
log o¢|oy—1, W ~ N(logoy_1, W).

Hence, priors for the entire sequences BT, o, and X7 are

BT|307 Hp Bt|Bt la 7

T|a07 Hp at|at 17 7
and

T
p(=7[%0,Q) = [[ p(log ol log oy 1, W).
t=1
For @) and the two blocks of S, the inverse Wishart priors are calibrated as

Q ~ IW (dokd Vg, dg),
Sy ~ IW (dg1k%Vs1, dsy),

and
SQ ~ IW(dSQk%VSQ, dsg).

Finally, for each diagonal element w;;, i = 1,2, 3, of W, the inverse Gamma prior used by
Cogley and Sargent (2005) and Benati (2011) can also be expressed as an inverse Wishart:

2
w;; ~ IG (— —) = IW (dwkiy,, dw).

Choices for the hyperparameters are tabulated below. Cogley and Sargent (2005) do not
allow for time-variation in the elements of A.



Time-Varying Parameter Prior Hyperparameters

kg Vo do K, Vs dsi Va2 dse ki,  dw
Cogley-Sargent 0. 00035 Var(B) 22— — — — — 0.0001 1
Primiceri 0.0001 r(B) 40 0.01 Vb 2 V23,23 3 0.0001 2
Benati 0.00035 Var(B) 22 0.001 &t 2 diag(a®®) 3 0.0001 1

where V' is the element from the first row and column of V,,, V%323 is the matrix formed
from the last two rows and columns of V,,, and &' and &*? correspond to the first and the
second through third elements of the vector a.

4 The Markov Chain Monte Carlo Algorithm

The algorithm gets initialized by choosing initial draws for a”, o7, and V from the prior dis-
tributions described above. The Gibbs sampling algorithm then loops through the following
steps.

4.1 Drawing the Coefficient States

Conditional on (a®,o?, V), the observation equation (4) in linear and has Gaussian innova-
tions with known variance. As shown in Carter and Kohn (1994) and Fruhwirth-Schnatter
(1994), the density can be factored as

T-1
p(BT|yT7 OéT) UT) V) = p(BT|yTa aTv OTv V) H p(Bt|Bt+1a yt7 aTa O-Tv V)a

t=1

where
Bt|Bt+17 yt, OKT, UT> Vi~ N(Bt\tJrla Pt|t+1)>

Byt = E(Bi| By, yt7 04T> UT> V),

and
Pyiyr = Var(B;| By 1, yt, OéTa UT; V).

The vector of B’s can be drawn easily because By and P41 can be computed using
forward and backward recursions on the Kalman filter as follows.
The measurement equation for this step is (6), rewritten as

yt = XéBt —l— Ut (11)

where u; = A, Y,e;, Buu, = Q; and Q, = A;7'%, 30 (A; 1), and the state transition equation
is (7):
Bt Bt 1 -+ Vg, (7)

where Evyv, = Q. Let
Bt|s = E<Bt|ys7 Xsa QS) Q)



and

Pt|s = VaT(Bt|y8, Xsa 987 Q)
Then, given By = B and Pojo = k%Vp, the Kalman filter implies

Byi—1 = Bi_1jt—1,

Py = By +Q,
Ky = P 1 Xy (X Py Xy + Q)7
By = By—1 + Ki(ye — X{Byji—1),

and
Pyt = Pyi—1 — Ky X[ Py

The last elements from these recursions are Brir and Ppjp, which are the mean and
variance of the normal distribution used to make a draw for By. The draw for By and the
output of the filter can now be used for the first step of the backward recursions

Bijiy1 = By + Pt\tptjrll\t<Bt+1 — By) = By + Pye(Pye + Q) (B — By)

and
Pt|t+1 = Pt|t - Pt\tptjrl”tpﬂt = Pt\t - pt|t(Pt|t + Q)_lpt\t,
which are the means and variances used to make the draws for B;, t =T —1,T —2,..., 1.

4.2 Drawing Covariance States

The system of equations in (6) can be rewritten as
Ai(ye — X{By) = Ay = iy, (12)

where, taking BT as given, u; is observable from (11). Since A; is a lower triangular matrix
with ones on the main diagonal, (12) can be rewritten as

Uy = Loy + ey, (13)

where «; is defined in (8) and Z; is the following 3 x 3 matrix:

0 0 0
Zt = | —Uny 0 0
0 —Urt —Ugt

The model given by (13) and (8) has a Gaussian but nonlinear state space representation.
The problem is that the dependent variable of the observation equation, u;, also appears
on the right-hand size in Z;. Therefore, the vector [ut ozt] is not jointly normal and,
as a consequence, the conditional distributions cannot be computed using the standard
Kalman filter recursions. However, under the additional maintained assumption that S' is
block diagonal, this problem can be solved by applying the Kalman filter and the backward
recursion equation by equation.



Thus, consider the second equation from (13), which can be written
Ugt = tho-/gmt + Og,t€q,t) (14)

where Z1; = —un; and €,; ~ #“dN(0,1). Taking BT and o as given, uy and Zy; are
observable and o, is given as well. Equation (14) can serve as the observation equation and
the first equation from (8),

Qgrt = Ogrt—1 + Cl,t (15>
as the state transition equation, where & ; ~ N(0, S1), with S; given as well.

Thus, given g o0 = Ggr and Pyjg = k2V,", the Kalman filter implies

Ugrtlt—1 = Qgrt—1jt—1,

Pyji—1 = B_1ji—1 + 51,
o / / 2 \—1
Ky = Py 1 Zy(Z1 P 23, + Ug,t) )
Qgritlt = Qgrajt—1 + Ki(Ugr — Z10gm 1jt-1),

and
Py = Py — Ky Zy By

The last elements from these recursions are ag. 7 and Prir, which are the mean and
variance of the normal distribution used to make a draw for oy, . The draw for ay, r and
the output of the filter can now be used for the first step of the backward recursions

_ -1 _ -1
Ogrtlt+1 = Qgrt|t T Pt|tPt+1|t(ag7r,t+1 — Ograft) = Qgrajt + Poe( P +51) 7 (Qgmip1 — Qgrait)

and
Pyir1 = Py — Pt\tptjrll‘tpﬂt + Py — Py( Py + Sl)_lpt\h
which are the means and variances used to make the draws for oy, t =17 —-1,7—2,...,1.

Now consider the third equation from (13), which can be written
Ury = ZnOlot + Opir, (16)

where Zoy = [—ury —Ugy], aos = [y argyt}/, and €,; ~ iidN(0,1). Taking BT and o7
as given, u,; and Zy are observable and o, is given as well. Equation (16) can serve as the
observation equation and last two equations from (8),

Qo = Qg1+ 52,t (17)

as the state transition equation, where &»; ~ N(0, S3), with Sy given as well.
Thus, given a0 = [&m olrg,t}/ and Pyjo = k:géVo?Z?”m, the Kalman filter implies

Q2 t|t—1 = Q2 4—1)t—1,

Py = Py + Sa,
K, = Pt\tflzét(ZQtPﬂt*lZét + Uf,t)_1>
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Qo = Qo pft—1 + Ki(Upy — Doz ge—1),

and
Py = Pyp—1 — Ky Zoy Pyyy 1.

The last elements from these recursions are a7 and Ppp, which are the mean and
variance of the normal distribution used to make draws for o, and a,,7. The draw for
ayr and the output of the filter can now be used for the first step of the backward recursions

1 ~1
Qg tt+1 = Q2 ¢t + Rt|tpt+1|t(a2,t+1 — Qo) = ot + Poe(Pye + S2) 7 (2041 — ot

and
Pyiy1 = Py — 3|tPt111|tPt\t = Py — Pye(Pye + S2) ' Py,
which are the means and variances used to make the draws for oy, t =17 —-1,7—2,...,1.

4.3 Drawing Volatility States
Consider next the system of equations
Ay — X{By) = y; = ey, (18)

where, taking BT and o as given, y; is observable. This is a system of nonlinear measure-
ment equations, but can be converted into a linear one by squaring and taking logs of every
element of (18). Due to the fact that yﬁt can be very small, an offset constant can be used
to make the estimation procedure more robust. This leads to the following approximating

state space form:
y:* = 2ht + Ct (19)

and
he = hy1 +n, (20)

where 5 = log[(y;,)* + @, € is the offset constant, set equal to 0.001, e;; = log(c7,), and
hit = logog;.

This system has a linear, but non-Gaussian, state space form because the innovations in
the measurement equations are distributed as log x%(1). In order to further transform the
system into a Gaussian one, a mixture of normals approximation of the log x? distribution is
used, as described by Kim, Shephard, and Chib (1998). This involves selecting a mixture of
seven normal densities with component probabilities ¢;, means m; —1.2704 and variances UJQ»,
where the constants are chosen to match a number of moments of the log x?(1) distribution

as reported in Table 4 (p.371) from their paper:

Distribution for the Indicator Variables

w qj = Pr(w=7) m; v

1 0.00730 -10.12999 5.79596
2 0.10556 -3.97281  2.61369
3 0.00002 -8.56686  5.17950
4 0.04395 2.77786  0.16735
5 0.34001 0.61942  0.64009
6 0.24566 1.79518  0.34023
7 0.25750 -1.08819  1.26261
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Define s7 = [51 e ST}/, the matrix of indicator variables selecting at every point in
time which member of the mixture of the normal approximation will be used for each element
of e. Given (y**)T and h”, each element s;, of ST is sampled from the discrete density defined
by

Pr(siy = jlyit, hie) o< g5 fn(yi712hee +my — 1.2704, UJ2-)7
j=1,2,...,7, where fy(-|u,v?) denotes the pdf for a normal random variable with mean s
and variance v2. Conditional on BT, AT, V and sT, the system has an approximate linear
and Gaussian state space form, where each element e;; of e; in (17) can now be viewed as
being distributed as normal with mean m; — 1.2704 and variance U]2- it 5,4 = .

Foreacht =1,2,...,T, let m; denote the 3 x 1 vector consisting of the means m; —1.2704
of each element of e; as determined above and let V, denote the 3 x 3 matrix with the
corresponding variances v]2- along its diagonal. Finally, define z; = y;* — m,; + 1.2704. Now
(19) can be rewritten as the observation equation

Ty = th + e, (21)
where e; ~ N(0,V};) and
hi = hi—1 + (20)
remains as the state transition equation, with n, ~ N (0, W).
Given hop = log o and Pyg = k213, the Kalman filter implies

Pije—1 = hy—1pe—1,

Py = P_qp—1 + W,
Ky = 2Py _1(4Py—1 + Vi),
hje = hyje—1 + Ke(2 — 2hy—1),

and
Pt\t = Pt|t—1 - 2KtPt|t—1~

The last elements from these recursions are hpr and Pryp, which are the mean and
variance of the normal distribution used to make a draw for hy. The draw for hAr and the
output of the filter can now be used for the first step of the backward recursions

hijrar = hage + Pye P (heyr — huge) = hae + Pye(Pye + W) 7 (hysa — ha)

t+1]t
and
Pt|t+1 = Pt\t - Pt|tPt:_11|tPt|t = Pt\t - Pt|t(Pt|t + W)_lpt\ta
which are the means and variances used to make the draws for Ay, t =T — 1,7 —2,...,1.

Del Negro and Primiceri (2015b) note that, strictly speaking, because the mixture-of-
normals distribution used in the Kim-Shephard-Chib algorithm is only an approximation
to the true distribution of the innovations in the measurement equation (19), each draw
selected using this algorithm should be used as a proposal in a Metropolis-Hastings step,
following the general analysis in Stroud, Muller, and Polson (2003). With y; and y;7; defined

as above, let 3, and Y24 he the latest and previous draws for the volatility state for period
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t=1,2,...,T, and let 5;; and afftd be the ith diagonal elements of 3, and 2. Del Negro
and Primiceri (2015a) show that in the Metropolis step, the new draw should be accepted
with probability a, where

T P (07105, S0 | [T T T a5 (9512098 + mj — 1.2704,02)|
T2 P (91050, 529020 | [T T Ty 05 (95112630 4+ my — 1.2704,02)|

and Fi(-|p, V') is the pdf for the multivariate normal distribution with mean p and covariance
matrix V.

o =

4.4 Drawing Hyperparameters

The hyperparameters are the diagonal blocks of V', each of which has an inverse-Wishart
posterior distribution. Conditional on BT, o, ¢T, and y”, it is easy to draw from these
posteriors because the innovations are observable. Use (7) to compute

v = By — By,

use (15) to compute
Cl,t = Oynt — Qurt—1,
use (17) to compute
ot = Q¢ — Qa1
and use (9) to compute
ne = logoy —logoy_1.

Then a new draw for ) can be taken from the inverse-Wishart posterior distribution with
scale matrix

T
koCQQVQ + Z VtV;:
t=1
and degrees of freedom dg + 7', a new draw for S} can be taken from the inverse-Wishart
posterior distribution with scale matrix

T
ds1keVer + Z e

t=1

and degrees of freedom dg; + T', a new draw for Sy can be taken from the inverse-Wishart
posterior distribution with scale matrix

T
dsokd Vs + Z C2.4Cos

t=1
and degrees of freedom dgy 4+ 7T', and new draws for each diagonal element of W can be taken
from the inverse-Wishart posterior distributions with scale matrix

T
dwkiy +> ),

t=1

which in this case is a scalar, and degrees of freedom dy, + T'.
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4.5 Assessing Convergence

To assess the convergence of the MCMC algorithm, Primiceri (2005) recommends initializing
the chain from different, randomly selected starting points, to verify that none of the results
is affected. A related but slightly more formal approach is suggested by Geweke (1992).
For any model statistic 6, which may be an element of BT, AT, ¥7, V| or any function of
these parameters, calculate the means 64 and 6z from two disjoint subsamples of the Gibbs
sampling output: Geweke suggests letting subsample A be formed from the first 10 percent
of the draws and subsample B from the last 50 percent of the draws. The numerical standard
errors of the means 0,4 and 05 are given by

<J$A> 27055.4(0)] and (NLB) [2759,5(0)],

where Sy 4(0) and Sp 5(0) denote the spectral densities of 0 4 and 0 p at frequency zero, which
can be estimated using Newey and West’s (1987) Bartlett weighting scheme as

Sp.a(0) = iﬂ [vm +2 Z (1 — —) ve,A,j]

and
- 9 14 ,
So.5(0) = o lve B0+ E ( —y 1) U@,B,j] ,

where vy 4 ; and vy p ; are the jth autocovariances of the draws for # in subsamples A and
B. Geweke’s convergence diagnostic

64— 0p
{N;"[2m8p.4(0)] + N5 '[27Sp,5(0)]} /2

CD(9) = = N(0,1),

which, as shown, has the standard normal distribution as N4 — oo and Ng — oc.

To gauge the extent to which the chain mixes, Primiceri (2005) and Benati (2011) com-
pute inefficiency factors, described in more detail by Chib (1992, pp.3579-3580). The ineffi-
ciency factor for any individual statistic @, which may again be an element of BT, AT K ¥T,
V', or any function of these parameters, is defined as the inverse of Geweke’s (1992) measure
of relative numerical efficiency:

215y(0)  275,(0)

TF(©) = Var() |7 Sp(w)dw

where Sp(w) is the spectral density of § at frequency w so that, in particular, Sp(0) is the
spectral density of # at frequency zero. Primiceri notes that

0)=1+2> py;,
j=1
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where pg is the j-th autocorrelations of the draws for #. Hence, IF(f) will generally be
larger than one, and lower values of IF(f) reflect less autocorrelation in the draws. In
computing I F(6), Newey and West’s (1987) estimator

. J
Voo +2) (1 - —) UH,J’]
= m+1

can be used for the numerator, while the denominator is simply the variance vy across all
draws for 6.

1
Sp(0) = o

5 Identification of Monetary Policy Shocks

5.1 The Identification Problem

Two approaches can be taken to identify monetary policy shocks from the estimated reduced
form. The first uses assumptions about the timing with which monetary policy disturbances
affect inflation and the gap variable to re-interpret the triangular factorization of the reduced-
form covariance matrix shown in (2) as a mapping between the reduced-form and structural
models — an approach that dates back to Sims (1980). The second uses sign restrictions
to identify monetary policy shocks based on their implied impulse responses. Faust (1998),
Canova and De Nicolo (2002), and Uhlig (2005) propose and develop the idea that sign
restrictions can serve a source of identifying assumptions in VARs, and Benati (2011) im-
plements the particular scheme used here in a similar VAR framework with time-varying
parameters.

Details on each of the two identification strategies follows, but each works to factor the
reduced-form covariance matrix as

Q, = C;'DDy(Cy) (22)

where C, and D, are 3 x 3 matrices of the form

1 _ng,t _er,t
Ct = | —Cynpt 1 —Cqgrt (23)
_er,t _Crg,t 1
and
5ee 0 0
Di=10 d4¢ O (24)
0 0 6.,

Equations (22)-(24) provide the general mapping between the reduced-form (1) and the
structural model, which can now be written as

Coye = e + Tiyi—1 + Doy + Di&y, (25)

where v, = Ciby, I';, = C B, for j = 1,2, and & is a 3 x 1 vector of structural disturbances,
normally distributed with zero mean and F¢& = I3. The third row from (25) takes the
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form of a monetary policy rule

Ry = vy + Crpplly + Y1 llli—1 + Y2 pm eIl

m (26)
+ CrgtGt + Vgt Gio1 + V209t Gi—2 + V1 rt Rio1 + YorgtRi—a + 00,687,

where the constant term and the coefficients on lagged values of inflation, the gap variable,
and the interest rate are those from the third rows of 7, I'1; and 'y, and & represents the
identified monetary policy shock. This policy rule takes the same general form as Taylor’s
(1993), in that it prescribes a setting for the short-term interest rate with reference to the
changing values of inflation and the gap variable. However, (26) allows for considerably
flexibility in the dynamic response of the short-term interest rate to changes in inflation and
the gap variable and, through the inclusion of lagged interest rate terms on the right-hand
side, captures as well the Federal Reserve’s tendency to smooth interest rate movements over
time. Deviations in the actual short-term interest rate away from the value dictated by the
current and lagged values of inflation, the gap variable, and the interest rate get picked up as
monetary policy shocks in (26). Finally, (26) allows for time-variation in all of the response
coefficients and in the standard deviation d,; of the monetary policy shocks.

Comparing (3) and (4) to (23) and (24) highlights the identification problem: together,
the matrices A; and ¥; of reduced-form parameters contain 6 elements not equal to zero or
one, whereas the matrices C; and D, of structural parameters have 9 such elements. Each
of the two identification schemes described next imposes more structure on the matrix C; to
solve this problem.

5.2 Triangular Identification Based on Timing Assumptions

The factorization of the symmetric, positive definite reduced-form covariance matrix €2,
shown in (2)-(4) always exists and is unique; hence, the model can be written in this form
without any loss of generality. However, under the additional assumptions — made through-
out much of the literature on VARs that builds on Sims (1980) — that inflation and the
output gap respond to monetary policy shocks only after a one-period lag, the reduced-form
parameters from the third rows of (2)-(4) are linked to structural parameters from the third
rows on (22)-(24) via

Crrt = —Oprg,
Crgt = —Qpgt,
and
57’,15 =O0rg

and the structural monetary policy shock & from (25) and (26) is identified as the third
element of the vector &; from (5).

5.3 Sign Restrictions for the Variables that Respond to Monetary
Policy

An alternative approach to identification builds on work by Faust (1998), Canova and De
Nicolo (2002), and Uhlig (2005) by associating monetary policy shocks with the effects they
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have on observable variables. Following Benati (2011), suppose that the first element of &
corresponds to a supply shock that moves inflation and the output gap in opposite directions
or inflation and the unemployment rate in the same direction. Suppose that the second
element of & is a non-monetary demand shock, that moves the short-term interest rate and
inflation in the same direction and the interest rate and the output gap in the same direction
or the interest rate and the unemployment rate in opposite directions. Finally, suppose that
the third element of & corresponds to a monetary policy shock that moves the short-term
interest rate and inflation in opposite directions and the interest rate and the output gap in
opposite directions or the interest rate and the unemployment rate in the same direction.
Rubio-Ramirez, Waggoner, and Zha (2010) and Arias, Rubio-Ramirez, and Waggoner (2014)
emphasize that sign restrictions of this form do not suffice to identify structural disturbances
in the classical sense, but develop a Bayesian algorithm for characterizing the set of parameter
values implying impulse responses that satisfy these restrictions.

Let the index ¢ = 1,2,..., N keep track of the number of desired draws. For i =
1,2,..., N, the algorithm loops through the following steps.

1. Draw (AT, ¥7T) from their posterior distribution during the Gibbs sampling stage.

2. Foreacht =1,2,...,T, construct A; and X; based on the draw for (AT, X7). Then let
L, =A; 153,, so that the reduced-form error covariance matrix is given by Q, = L.L;.

3. Draw X, a 3 x 3 random matrix with each element having an independent standard
normal distribution. Then factor X = QQx Rx, where (Qx is an orthogonal matrix and
Rx is upper triangular with positive diagonal elements.

4. Let L; = L'y, and note that
LiLy = LiQxQx Ly = LiLj = O,

by virtue of the fact that ()x is orthogonal. This highlights that multiplying the
structural model (25) through by D;' and then Qx results in an observationally-
equivalent rotation of the model’s three equations. Suppressing for convenience explicit
reference to the constant and lagged terms in (25), the candidate structural model based
on the specific draw for (Qx can be written as

Y = Etft;
since B B B B B ~ o
E[(Li&e) (L&)l = E(Li&i&iLy) = LiE(&&y) Ly = LiLy = Q.

Thus, the matrix L, contains impact coefficients linking the structural shocks in & to
the observable variables in y;. The sign restriction used to identify the supply, demand,
and monetary policy shocks as the first, second, and third elements of & require the
elements of L; to have the sign patterns



if the gap variable is measured by the output gap and

o) (=) (=)
L= () () (+)

(7) (=) (+)

if the gap variable is measured by the unemployment rate. If these restrictions are not
satisfied for any ¢t = 1,2,...,T, the draws for (AT, ¥T) and X are discarded and the
algorithm returns to step one. If the restrictions are satisfied, then L, is renormalized
as L; = C;'D,, where C; and D, have the forms shown in (23) and (24), these draws
are saved, and the Gibbs sampling algorithm moves on.

5.4 Other Statistics

Once draws are obtained for the structural parameters using one of three identification
schemes, impulse responses can be generated from (25) after multiplying through by C; .
These computations can be simplified by writing the system in companion form as

Y; — fir + Biog(Yie1 — ) + Fi&y, (27)
where
ol
Y1’
Bi; By
B = ’ ’ s 28
w0 9
_ 1| b
Ht = (IG - B12,t) {O } ) (29)
1
and .
= {q Dt} | (30)
033

Following Cogley and Sargent (2005), the first element of the vector fi; defined in (29) can
also be used as a measure of core, or target, inflation and, in the case where the gap variable
is measured by the unemployment rate, the second element of ji; can be interpreted as an
estimate of the natural rate of unemployment.

Since (27) implies

Yk — BYiow = F&orw + BiogFi&pan1 + - .. + Bl B,
the k-step ahead forecast error variances for the elements of Y; are
E[(Yirr — EYipr) Yer — EYiis)'| = FF) + Bio FyF{ By + ... + By FiF{(By,)'. (31)

Forecast error variances decompositions can be found by using (28), (30), and (31) to compute
the total variances and then by using these same equations with the first two diagonal
elements of D; set equal to zero to find the variances attributable to monetary policy shocks
alone.
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Finally, it may be helpful to consider the “artificial” long-run responses, as defined by
Sims and Zha (2006, p.62), of the interest rate to changes in inflation and the gap variable.
From (26), these are

Crrt + V1wt + Y2t

1— 71,7“7‘,7& - 72,7“7“,7&

Yrot =

for inflation and
Crg,t + Vl,rg,t + 72,7"9,75

11— ’Yl,rr,t - ’72,7"T,t

Yrg,t =

for the gap variable.
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